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The current as a thermodynamic variable of an open system is investigated in the context of 
the nonlinear response to a static field. Starting from a closed system it is shown that usual ensem-
ble statistics can be applied to the open system. The case of two weakly coupled systems is con-
sidered for illustration. 

A great deal of the success perturbation theory 
gained in treating the m a n y body problem consists 
in the systematic way the expansion with respect 
to a small parameter is carried out in the perturba-
tion of both the stationary state and the statistical 
distribution. When practising this approch, how-
ever, one often leaves the systematic path and par-
tially sums the series up to infinite order, more or 
less justified by the underlying physical ideas. One 
of the most fruitful considerations in the context 
of transport properties, the fluctuation-dissipation 
theorem, bases on a first order perturbation ex-
pansion with respect to the applied potential [1]. 
Thus the validity of this linear response is confined 
to small potentials. In some conduction phenomena 
one is rather interested in a nonlinear current-
voltage relation, specifically if the static energy of 
the space charge in the external potential is con-
siderable whereas the energy of the currents is 
almost negligible. In this case a linear response 
with respect to the current is more adequate. The 
static energy should be retained and its dominant 
contribution treated exactly. This contrasts with 
a systematic perturbation expansion, where the 
small parameter, the current itself, is only the final 
result. In this respect some generalization of the 
fluctuation-dissipation relation would be useful. 
This will be one aspect o f the subsequent con-
siderations. 

Another point is associated with the choice of 
thermodynamic variables in an open system. Gen-
erally the entropy production is determined by the 
product of the flux with the respective force and is 
positive in irreversible processes. Considering a sit-
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uation where matter is transported through the 
system with vanishing entropy production the ex-
ternal force has to be balanced by a gradient in the 
chemical potential. Such a situation may be describ-
ed within equilibrium statistics. The flux passing 
through the system is a conserved quantity and 
can be incorporated in the construction of a ca-
nonical ensemble by adding it with a Lagrange 
multiplier, which represents the respective statisti-
cal potential, to the hamiltonian of the statistical 
operator. Thus the constraint of a fixed quantity 
is released leaving a fluctuating variable, the aver-
age of which is determined by the statistical poten-
tial [2]. This result arises in a natural way in the 
procedure under consideration. The transition to 
the open system is achieved by putting the bound-
ary walls to infinity. States normalized on a finite 
box then change into current states which yield 
macroscopic stationary currents. During the tran-
sition the free energy and its time rate decreases 
according to an irreversible process. The correspond-
ing calculation yields an expression for the hamil-
tonian associated with the currents. 

A further object of interest consists in exploiting 
symmetry properties with respect to time reversal. 
The asymptotic form in the time evolution of the 
statistical operator may be simplified considerably 
if only those contributions are picked up which lead 
to a nonvanishing current. They are characterized 
by antisymmetry against time reversal. 

On the following pages some simple manipula-
tions with the statistical operator (I) will be fol-
lowed by the derivation of a nonlinear response 
formula (II). A subsequent Sect. I l l is concerned 
with the transition to an open system. In the last 
Sect. IV the application is illustrated b y an ex-
ample for a nonlinear transport between weakly 
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coupled systems. As regards a former investigation 
of solid state tunneling some approximations with 
respect to the smallness of the transmission coef-
ficient are avoided, thereby leading to a more trans-
parent interpretation and a slight generalization of 
the tunneling theory. 

I. Evolution of the Statistical Operator 

As we are intersted in the time development of 
an arbitrary observable after an external potential V 
has been switched on, we begin at t — 0 with a dis-
tribution of states given by the statistical operator 

t = 0 : = e " ^ ° / T r a c e e - ^ ° (1) 

with the hamiltonian HQ. The system is initially 
in equilibrium defined by HQ. The sudden rise of 
a potential will be described by an operator Vd(t), 
with a step function 0(t) and a time independent 
operator such as to get for later times 

t> 0: n = B 0 + f . (2) 

This hamiltonian characterizes the time develop-
ment of an initial state | xpny via the unitary trans-
formation 

|v»(0> = e < - ^ | v , n > . (3) 

The density operator (1) is transformed correspon-
dingly 

g(t)e = <-*'*>**e-W'eMrt'/Trace 
= e - W ' / Z t . (4) 

In the last equation the transformation has been 
pushed in the exponent on the operator HQ, 

fit = e(-HK)HtHoem)Ht (5) 

defining a time dependent hamiltonian fit of a Ac-
tive equilibrium. B y cyclic invariance of the trace 
the sum over states, Zt, may be written alterna-
tively 

Zt = T r e - ^ = T r e - ^ ° (6) 

from which follows that the free energy 

F = - kT\ogZt 

and its derivatives do not depend on time. The 
system is closed. Using (2) we get 

ßt = fl — f em)tH 

where the time dependence is defined by 

?(t) = em)tHfe(-m)tH ( 8 ) 

Let the external potential be given by a volume 
integral over a density 

f(t) = jdt>v{t). (9) 
a 

Then we can establish a continuity equation, which 
reflects the conservation of particle number, 

d v(t) i ^ 
- d 7 " = J [ * « « > ] • 

(10) 

We may express the one particle potential, (9), with 
fermi field operators Y>(+)(r) 

v(t) = v(r)y,+ (r,t)y(r,t), (11) 

where the time dependence of (8) is incorporated. 
The commutator of (10) may be evaluated, leading 
in the case of a velocity independent interaction to 
the usual quantum mechanical expression for the 
current density operator 

d v(t) 1 
- - ± L = Tv(r)divj(r,t) (12) 

at e 

with 

j(r, = {(Vv+(r, 0) ?(r, 0 - V+(r, t) 
& Til 

(V?(r,*))}. 

= Ä 0 - J d / ' — f ( - 0 , (7) 

Inserting in (7) we get 

1 1 
ßt = ß0 - — J d / ' J d u v { r ) d i v j ( r , — t') 

e o fl 

and using Gauss' law with electrostatic field E = 
- ( l / e ) V v 

ßt = ßo~ Jd / ' Jdt . (7 : ( r , -t')E(r), (13) 
o fl 

where the surface term has been dropped according 
to the boundary conditions. Because of its time 
dependence the current operator is scarcely man-
ageable for interacting particles. Thus it is the start-
ing point of various approximations for the ex-
ponent of the statistical operator. One way to escape 
the problem is to treat j(r, —t') by a perturbation 
expansion with respect to some parameter char-
acterizing the many-body interaction. The essential 
fact, however, in this derivation is that we expand 
the exponent of the statistical operator (4) and not 
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the exponential function itself, as is usually done in 
linear response theory. Wi th this step we certainly 
depart from a consequent perturbation theory. Try-
ing to get some approximate expression for ß t which 
does not neglect the driving force we m a y arrive at 
a nonlinear response theory. As the time dependent 
statistical operator has the form of equilibrium 
thermodynamics it is suggestive to interprete the 
operator ß t as that observable, which replaces the 
energy, the hamiltonian ß , in the canonical ensem-
ble. From the view of an instantaneous micro-
canonical ensemble it is the eigenvalue o f ß t which 
would remain constant during the system moving 
in phase space. Current and potential appear in (13) 
as conjugate variables in thermodynamical sense 
and represent the operator equivalent o f the time 
integral of a "dissipated" power. As the system is 
closed, the expression "dissipation" should here be 
used with caution, justified only by formal sim-
ilarity. 

II. Nonlinear Response 

I f we neglect the external potential within the 
time dependence of the current density operator (13) 
we can derive a nonlinear response formula for the 
considered case of a static field. The field is still 
present, however, in the hamiltonian f i t describing 
the statistical operator. Therefore we get a current 
which is nonlinear in the field being calculated via 

< j ( r )> = ( Z < ) - i T r e - ^ « / ( r ) (14) 

with fit as in (13) and with the approximation 

j(r, — t') = e(-ilh)t'"° j(r) em)t'"a. (15) 

The latter is related to the case where the electro-
static energy as represented in ß is small in com-
parison with the energy o f the currents in f i t which 
may be rather important as a consequence of a high 
conductivity. Using the Fourier representation for 

Jl'.t)=yä 2 

and similarly for E(r) 
ductivity tensor by 

3 < i » ( * ) > 

0i(kr) (16) 

we introduce the static con-

dEm(k) = (7, (17) 

For simplicity we neglect the difference between the 
driving field, which determines the experimental 

conductivity, and the external field. Differentiating 
(14) with respect to Em(k) we use the identity 

p-ßHt zßt 
ZEm(k) 0 

with 

(dß' e~(ß-ß">Ht —e-P'H' 
r p c)pj^(k) dEm(k) 

dß, 
= - Jd rjm(-k,t') dEm(k) 0J 

and get 

anm(k,t) = / d / ' J d ß \ { e ^ j n ( k ) e - ^ 
o o 
-<jn(k)}}jm(-k,t')y. (18) 

This expression agrees with the result of linear re-
sponse theory, if one replaces ßt by the hamil-
tonian ß o of initial equilibrium, i.e. if one neglects 
the nonlinear field contributions. It states a non-
linear generalization of the static fluctuation-dissipa-
tion theorem. The rather simple manipulations in 
deriving (18) suggest that the complications in cal-
culating the physical quantities will not decrease 
when using (18). However, if the difference (ßt — ßo) 
arising in the statistical operator is approximated 
by a one body potential it may be diagonalized 
together with a starting unperturbed hamiltonian. 
At a first glance, for an electron system this term 
merely displaces the fermi sphere. H changes ex-
pectation values but will not seriously affect fluc-
tuations except of the case that the displacement 
touches some structure in momentum space. In that 
case, e.g. a fermi surface near the boundary of a 
Brillouin zone, the conductivity could alter remark-
ably. 

III. Steady State Current 

So far the time evolution governed by a unitary 
transformation is reversible and the free energy is 
constant in time. The system is closed within a 
finite volume, open only to particle and energy 
transfer referring to a given chemical potential and 
temperature. The particle flow through the bound-
aries vanishes because of the boundary conditions 
imposed on the wave function. 

T o put irreversibility into the equations the usual 
"adiabat ic" trick is applied. Extending first the 
boundaries of the volume to infinity and proceeding 
then to the infinite time limit one avoids the recur-
rence by Poincare cycles. The perturbation of the 
electron gas introduced by the potential at t = 0 will 
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thus irreversibly spread over the whole infinite vol-
ume without the quasi periodicity caused by finite 
boundaries. One arrives at an open system as will 
be outlined below. Surely the result depends on the 
stage at which the going to limits is performed 
because the boundary conditions roughly speaking 
implicitely change during the adiabatic switch-off. 
The choice preferred in this contribution is only 
a possible one, however it matches with some 
physical situations. 

Let | ri) be the stationary states of the finite 
system for t > 0 

ß\n> = en\n> (19) 

then the time dependence in (13) can be written 
j ( r ? _ t') =^e(-W)l'(tn-en-) 

n,n' 

•\n>(n\j(r,0)\n'>(n'\. (20) 

The intended limit in the integral over t' leads to 

= Tp(^) + ^(ft,) (21) 

with <5 an arbitrary small positive quantity and a> 
to be replaced b y l//t(era — eW'). In the case of a dis-
crete spectrum only the first term, the principal 
part at the pole in (21), appears. But as the volume 
tends to infinity before the time limit is perform-
ed, the energies become continuously distributed 
and the additional contribution m5(co) must be 
taken into account. I t is merely this quantity we 
are interested in. 

Combining (13), (20), and (21) the final system is 
described b y the statistical operator of an equilib-
rium ensemble with the hamiltonian 

ßoo = ß0 + ßv + ßc, (22) 

W O l 
1 n,n' \£n — £n' / 

• SdvU(r,0)E(r))\n'y<n'\, 
«00 

ßc = — 7ih^d{en — En')\n)(n\ 
n,n' 

• Sd»(j(r,0)E(r))\n'}(n'\. 
ßoo 

The states of the continuous spectral representation 
implied in (22) are not distinguished by a special 
notation from a discrete representation. The first 

two terms are invariant with respect to complex 
conjugation, whereas ßc changes sign because j does 
so. Therefore only the last term guarentees a non-
vanishing average current. The boundaries of the 
volume integral approach to infinity. In ßc a sur-
face integral remains 

jdv(jE)=~~ J j(r, 0)) w(r) + • • • (23) 
Q CO S oo 

and recalling (10) and (12) the matrix elements of 
the omitted terms give no contribution because of 
the commutator in (10) and the energy <5-function 
in ßc. Thus the macroscopic current is associated 
in the hamiltonian ßoo with the energy of a flux 
leaving the system through an infinite surface. As 
the surface integral could be dropped in the finite 
system, the stage at which the going to limits is 
performed is seen to be essential. 

The invariant part ß o + ß v determines the final 
equilibrium independently of the external current. 
Applying Gauss' law to ßv the surface term now 
will be neglected in comparison with the volume 
term. Then (10) and (12) show that ß v is equal to 
f (0), thus 

#oo = # + # c . (24) 

Clearly ßc commutes with ß. Therefore the flux is 
a conserved quantity under the hamiltonian ßoo of 
the statistical operator. Definite values may be as-
signed to it thus representing a thermodynamic 
variable controlled b y the surroundings of this open 
system [3]. 

The ideas leading to (24) have to be modified if 
dissipation is included because the infinitesimal 
quantity, (5, of (21) becomes finite. 

In the context o f the uniqueness of the limits 
mainly two questions arise. In the first place the 
unitary invariance of the trace (6) contrasts with 
the result of (24). However, the time evolution 
equals no longer a unitary transformation in view 
of the adiabatic trick in (21). In the second place 
differentiation of the statistical operator with re-
spect to time does not seem to commute with the 
time limiting at first glance. The derivative of a 
quantity which becomes asymptotically constant, 
clearly vanishes asymptotically. I f e.g. the free 
energy is examined 

— F = - j d H ( j ( r , - t ) } E ( r ) ) ( 2 5 ) 
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the current is seen to decay exponentially with life-
time 1 jd from (21). Similar to irreversible thermo-
dynamics, where from the second law the right hand 
side of (25) must be negative, the free energy de-
creases saturating in the stationary system with 
"least-namely zero-dissipation of energy" [4]. 

(24) yields a convenient description of an open 
system via the statistical operator of a canonical 
ensemble. The internal energy follows from averag-
ing #oo which differs from the mechanical energy 
given in the average of the dynamical hamiltonian 
ß by the energy of the penetrating flux. It is shown 
that the result can be obtained by a simple, specific 
limit procedure. 

IY. Weakly Coupled Systems 

The results of the last section are illustrated by 
applying them with a slight modification to a sys-
tem consisting of two subsystems which are weakly 
coupled. We are interested in the current flowing 
between the subsystems, whereas we disregard the 
dynamics of a single subsystem. 

The systems defined by the hamiltonians A and B 
shall be weakly coupled if a perturbation expansion 
according to the interaction energy, ößo, leads in 
low order to a good approximation of the equi-
librium situation. 

ßo = Ä + B + dß0 . (26) 

We assume that the operator of the external poten-
tial may be decomposed in a similar way 

F B + (5F (27) 

with a small perturbation <5F. 
To be specific we choose as an example a tunnel-

junction in which the two sides separated by a high 
barrier potential represent the weakly interacting 
subsystems. The voltage, say on the right hand side, 
is suddenly set on a higher level and we look at the 
resulting current flowing from right to left [5]. 

We denote the sides by an index a = ± and intro-
duce creation and annihilation operators, cjj.^ repre-
senting oneparticle states which belong to one com-
plete set of real wave functions localized either on 
the left (a = —) or right hand side (a = + ) for en-
ergies Ek below the top of the barrier potential. 
These are clearly not eigenstates of the initial equi-
librium hamiltonian because those should by sym-
metrical or antisymmetrical in the case of a sym-

metrical barrier potential. Nevertheless we may use 
them as a basis for representing all operators 

= 2 
+ 2 t W ' a ' 4 + c V a ' , (28) 

In the last equation the fact is expressed that the 
main contribution to the energy of a constant poten-
tial Fo applied to the right hand side arises from the 
particle number of that side multiplied by Fo. The 
last terms in (28) and (29) couple both sides and 
are assumed to be small. Returning to (7) we write 

ßt = ß0 + 1 f d/V-W* [#, f ] 

•Hh)t'H (30) = tf0 + T J d / ' e < -
n q 

• {[Ä + B,öV] + [dß0, Va] + [dS0,6?]}em)t'ä • 

The coupling terms ö ß o and dV will be treated as 
a perturbation and retained only in lowest order. 
The time dependence thus may be simplified in re-
placing ß by Ä + B + e.g. 

e(-ilK)t'Hdfem)t'H = 2 Qk0L k,x, . e x p 

•{(—ilh)t'{ek — ek'+ F0<5a+— F0<5a'+)} 6£*6k'*' • 

From (30) we get within this approximation 

ßt = ß0+ J d / ' 2 exp { ( - i/H) %' a q 
• (e* — e r + F 0 <3a+ — F 0 <5a'+)} 

' {Qkx,k'a.'{Sk — Ek') ~ Wka.,k'a.' 

• Fo (<5a+ — <5a'+)} 4+ Cra' • 

The time integral is performed as in (21): 

ßoo=ßo+öV—y [ — ~ 

' {Qkix, k'CL' + WkoL.k'ai^C^Ck'a.'. ( 31 ) 

As we are interested in contributions to ßoo which 
are not invariant under time reversal, we retain 
only the «5-function part of (31): 

ß o o = # o — i n F o 2 {Qk+,k'~ + Wk+,k'—) 

• d{ek — er + Fo) 6k'- — h . c . } . 
(32) 

We gain some insight in the second term of the last 
equation if we calculate the current operator which 
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is the time derivative of the particle number of one 
side. 

= - - ^ 2 ( 0 * + . * ' - + W k + , k ' - ) (33) 

• h .c . } = — — J . 

From a comparison with (32) we conclude that the 
hamiltonian incorporates matrix elements which 
coincide with the matrix elements of the current 
operator J taken on the energy shell. The coef-
ficients Qk+, k'- lead to the direct tunneling current 
through the barrier whereas Wk+, k'- represents the 
so called "assisted" tunneling caused by some poten-
tial which is not related to the driving field and may 
be in addition some perturbation like an impurity. 

In a rough estimate we evaluate the k'-sum in (32) 
for free electrons. In the assumed onedimensional 
configuration we have translational invariance in 
two directions, say in the yz-plane, and the matrix 
elements contain Kronecker deltas dk]/ ky' dkt! kz'. Only 
the 

i i ' - sum is alfected by the <5-function of energy 
conservation. Because of the additional counting 
by the "s ide" index a the component k x runs over 

positive values: 

Ä > - Ä . - , » F „ 1 ^ (34) 

• + Wk+,k'-)Ck+Ck'- — h.C.} with 
kx H ^ ' ky — ky, kz = kz. 

Only a fraction of the total sum in the current 
operator of (33) appears in (34) according to energy 
conservation. It is known that electrons with kx 

near the Fermi momentum kf and ky, kzm 0 dom-
inantly contribute to the current. We replace kx 

by define 

Jd = ~ ^ { { Q k + , i c ' - J r W k + , k ' - ) ^ + C k ' - - \ i . c } (35) 

and get 

ß o o = ß 0 - T - V 0 Jd ( 3 6 ) 
e 

with r = Lmßhkf as the time an electron with 
Fermi velocity needs to travel through the distance 
\ L from the barrier to the boundary of the normaliz-

ing box. The signs of Vq and ( J o ) will be equal so 
that the average contribution to the energy is neg-
ative as already mentioned. Thus it may be con-
sidered as the energy transferred to the currents 
by the power (1/e) Vo (.Jd) during the time r. The 
current system has completely developed and the 
final state is reached when the time r has elapsed. 
As a consequence of the special procedure to take 
the limits L -> oo, t —> oo no reflection at the bound-
ary and therefore no finite recurrence time occurs. 

The current can be calculated by from (32) in 
combination with (14). As long as we refer to weakly 
coupled systems the same result could be obtained 
by an expansion of the exponential function in (14) 
with respect to the second term in (32) as is exten-
sively done in a tunneling theory [5]. There is no 
approximation involved in treating the potential 
difference Fo, first term of (29), which therefore 
arises nonlinear to all orders in the final formulae 
e.g. as an argument in the (5-function of (32). The 
original intention was, however, to consider also 
some nonlinear aspects of the second term in (29) 
and similarly in (28) by retaining the whole current 
contribution in the exponent of the statistical op-
erator. From the view of practical use this treat-
ment may offer an extension as soon as we go 
beyond weak coupling. If we expect the tunneling 
current not to be governed by an exponential small 
transmission coefficient as produced by a thick in-
sulating barrier, i.e. if some resonant mechanism 
leads to a high conducting channel, this treatment 
will be more adequate, though an approximation 
with respect to weak coupling is still further in-
volved. The latter consists in approximating the 
time dependence of the current operator, once es-
tablished as a part of the statistical operator ß t , 
by a hamiltonian less complicated than ß . Surely 
some dynamical features are thereby neglected, but 
one may expect an improvement beyond that ap-
proximating the statistical operator itself, which 
is quite another thing. 

A rough estimate of the current is obtained by 
neglecting the second term in ß o , (28), because of 
its time reversal invariance, and diagonalizing the 
resulting hamiltonian ßoo, (34), which leads to a 
2 x 2 matrix in the two momenta kx and kx . The 
unitary transformation 

1 

KlaI i" y 
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c V = 7 H 7 + j * «**'+-Y6*'-) 

results in 

Hoo = 2 ^ka ?ka Cko 

with 

= ejfc+ + 1 Fo (i =f [ / r + W ) , 

Lm 
a = >' . , (Qk+,k'~ + JF *+,*'-). 

re4 Kx 

The new particle operators represent wave func-
tions which contain a current carrying part in form 
of the pure imaginary admixtures with coefficients a 
and a*. Electrons of both states are travelling in 
opposite directions, whereas the initial wavefunc-
tions were real and consequently carried no current. 
The energy Kka is different in both states and we 
get a nonvanishing thermal average o f the current. 

-hekx' I a|2 
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